Distribution and dynamics of entanglement in high-dimensional quantum systems 

using convex-roof extended negativity 
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We develop theories of entanglement distribution and of entanglement dynamics for qudit systems, 
which incorporate previous qubit formulations. Using convex-roof extended negativity, we generalize 
previous qubit results for entanglement distribution with isotropic states and for entanglement 
dynamics with the depolarizing channel, and we establish a relation between these two types of 
entanglement networks. 
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Whereas shared entanglement between parties can 
serve as a non-local resource with no classical counter- 
part, there are several practical matters we need to con- 
sider to optimize the efficiency of entanglement usage. 
One of them is the creation or distribution of entan- 
glement. Even though the particles share an entangled 
state, the state may be useless as a non-local resource 
in quantum information tasks unless sufficient entangle- 
ment for the task is shared between desired parties to 
meet requirement for the task. It is thus important to 
distribute entanglement between specified parties and to 
have a proper way of quantifying how much entanglement 
can be distributed. 

Another practical matter we have to consider is the 
fragile nature of entanglement: although sufficient entan- 
glement is shared between desired parties, this entangle- 
ment may be destroyed gradually due to interaction with 
the environment, which is known as decoherence. Thus, 
it is also an important task to quantify or to bound the 
amount of entanglement under dynamics. 

For distribution of entanglement, an analytical up- 
per bound for the amount of remote entanglement dis- 
tribution (RED) was shown for qubit systems [l[ us- 
ing concurrence as a bipartite entanglement quan- 
tification. Using concurrence, entanglement evolution 
including decoherence-induced non-unitary evolution of 
a two-qubit state under a local channel was shown to 
be bounded by the amounts of entanglement for the 
initial state and the entanglement evolution of a max- 
imally entangled state through the channel (3|. Later, 
each of these results has been generalized independently 
for higher-dimensional quantum systems in terms of G- 
concurrence [3, Hj. 

The study of quantum entanglement in higher- 
dimensional quantum systems is important and neces- 
sary for both theoretical and practical reasons to opti- 
mize the efficiency of entanglement usage. For example. 



in the applications of quantum information theory such 
as quantum cryptography and quantum error correcting 
code (QECC), higher-dimensional quantum systems are 
sometimes preferred because of their coding efficiency 
and security f(|. 

However, generalizations of such security or efficiency 
proofs from the case of qubits to the case of qudits 
are usually non-trivial, for instance, the proof of a no- 
go theorem for the universal set of transversal gates in 
QECC y\. Thus, the extension of entanglement analy- 
sis, especially the quantitative relations of entanglement 
from qubit to qudit systems is a fundamental step that is 
necessary to understand the whole concept of quantum 
entanglement. 

Here we provide an explicit relation between two dif- 
ferent theories, entanglement distribution and entangle- 
ment dynamics in arbitrary dimensional quantum sys- 
tems for the isotropic states and the generalized depo- 
larizing channel. Based on the Choi-Jamiolkowski iso- 
morphism between states and a quantum channel [8] , we 
note that the evolution of a two-qudit state through two 
one-sided channels corresponds to RED by means of a 
joint measurement on the two qudits consisting of each 
one particle of a pair of two-qudit states. Furthermore, 
by using convex-roof extended negativity (CREN) ^] as a 
bipartite entanglement quantification, we also overcome 
the lack of separability criterion of G-concurrence in the 
previous results 0, S], whereas G-concurrence only de- 
tects genuine d-dimensional entanglement whose reduced 
density matrix has full rank. 
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with pi — tr2|0)j^2('?^l- -P'o'^ ^ mixed state pi2, its CREN 
is 

Mc{pi2) := min^pfc7V;(|<?!)fc)i2(0fc|), (2) 



2 



where the minimum is taken over all possible pure-state 
decompositions of pi2 such that pi2 = J2kPk\4'k)i2i4'k\- 

CREN satisfies the separability criterion for any bi- 
partite mixed state of arbitrary dimension, and it does 
not increase under local quantum operations and classi- 
cal communication (LOCC) 9]. Furthermore, CREN is 
relevant to the study of multipartite entanglement, espe- 
cially in characterizing the monogamy of entanglement 
in multi-party systems fld^ . 

CREN reduces to concurrence for two-qubit systems. 
In other words, CREN can be considered as a generaliza- 
tion of the two-qubit concurrence, and thus the results 
of entanglement distribution and entanglement dynamics 
for qubits systems [J (H can be rephrased as the following 
two propositions, respectively. 

Proposition 1. Assume that Alice, Bob, and supplier 
Sapna perform general LOCC on an initial four-qubit 
state pi2 (8)^34 with outcome {QjjO'ii} (Alice, Bob, and 
Sapna hold the subsystems 1, 4-7 o,nd 23, respectively.); 
then 



(3) 



Proposition 2. Let $ be an arbitrary one-qubit channel; 
then for an initial two-qubit mixed state p, 

Mc[{T®%){p)]<Uc[{T®%){\<l>+){ct>+\)]UM. (4) 
where \<j)+) = (|00) + |11)) /V2. 

Now we show a relation between these two results 
for the isotropic states and the generalized depolarizing 
channel in arbitrary qudit systems. Before this, we begin 
with some useful terminology and notation. 

Let 



J=0 



d-1 



i)o-i, z = Y,^^\j){ji 



(5) 



be unitary operators on qudit systems where oj = e^'^^l'^ , 
Any operator spanned by X and Z is referred to as a 
generalized Pauli operator [ll| - [l3| . Moreover, due to the 
commuting relation 



ZX = ujXZ, 



(6) 



each generalized Pauli operator can be expressed as X'^Z'- 
for some integers k and /, up to constant factors. 
For < fc, / < d - 1, let 



If 



k,l/ 



j=0 



k) 



= Z^ ® X^\<^+) = L ® X^ Z^\^+) (7) 

be the two-qudit generalized Bell states where 
|$+) = 1^0, o) = X]j=o I-?-?) d-dimensional max- 

imally entangled state. The set of all generalized Bell 



states forms an orthonormal basis for two-qudit systems, 
which is called the generalized Bell basis. 
For < F < 1, let 



6f : P^ Fp 



1 - F 
d2 - 1 



^ x^z'^pz-^x- 

j-k=l 



J2 {x^px-^ + Z'pZ-^) 



(8) 



be the generalized depolarizing channel in qudit systems 
with fidelity and let 

PF := + ^5—^ (/® /- |$+)($+|) (9) 

be a two-qudit isotropic state, then we readily have the 
following propositions. 

Proposition 3. Any generalized Pauli operator P com- 
mutes with the depolarizing channel %p; that is, 

%F{PpP^) = P%f{p)P^- (10) 

Proposition 4. For an isotropic state pp and the depo- 
larizing channel %f, we have 

+ = PF = (I®$f)(|$ + )($+|). (11) 



Now, let us consider an initial four-qudit state p}? ® 
p^p_^ , which is a product of two isotropic states pj^? and 
in the subsystems 12 and 34 respectively with < 
Fg,Fi < 1. If the subsystem 23 is measured in the gen- 
eralized Bell basis with the measurement outcome 1^'^'^;) 
for some k and I, the resultant state in subsystem 14 
becomes 



tr23 



■Pit 



Qk,l 



(12) 



where 



Qk,i ^ tr [(/i4 ® p'l ® pI\] (13) 

is the probability of outcome From Propositions [3] 

and H] together with Eq. ([7]), we have 

= ($Fo®$Fj(|fM)(*Ml) 



= {L®X''Z^)al%{L®Z-^X-^) 



(14) 



where 

<o = (SFo®SFj(|l>+)(<i>+|), (15) 

and hence is equivalent to the state (Jq\ = {%Fo ® 
$Fi)(|*I'~'')(^''''|) up to local unitary operations. Further- 
more, Propositions [3] and [3] readily yield 

($fo®$fJ(|*+)($+|) 

= {I®%F,){pFo) 



d'^Fi - 1 
~d? 

PF', 



-PFo 



l-Fi 

rf2 - 1 



L^L 



(16) 
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where F' = {(PFqFi - Fq - Fi + l)/{d^ - 1). Thus, we 
obtain the following lemma. 

Lemma 5. For a four-qudit state p)^? p^^, which con- 
sists of two-qudit isotropic states p]^? and in subsys- 
tems 12 and 34 respectively, if the subsystem 23 is mea- 
sured in the generalized Bell basis, then the resulting state 
aW in the subsystem 14 is equivalent to an isotropic state 
ppi with 

{d^FpF, -Fo-F,+l) 
^ Id^) (17) 

up to local unitary operations. 

Here, we note that CREN can be analytically evalu- 
ated for the class of isotropic states m d (E) d quantum 
systems 0; that is, 

AA,(pf) =max|^-^,o|. (18) 

Thus, from Lemma [5l we can obtain the following 
bound on RED by the generalized Bell measurement onto 
the two-qudit subsystem 23 over the two isotropic states 
(8) ■ For the case when F' > 1 /d, it is straightfor- 
ward to check that Fq > 1/d and Fi > 1 /d, and thus 

'^zl dF' — ^ 

J2 QM4ti) = ^ciPF') = 

k,l=0 

_ d^FoFi - d'^ - dFo - dFi + d+1 

- (d-l)(d^-l) 
^ {dFp ~ l){dFi ~ 1) 

{d-ir 

= Kip'Fimppj. (19) 

If F' < 1/d, then by Eq. ((18]), we have AfdpF') = 0; 
hence 

k,l=0 

< Af.{p],lWM\)- (20) 

We are therefore ready for the following theorem about 
the bound on RED for qudits systems, which is a gen- 
eralization of the qubit case in Eq. ([3]) for the isotropic 
states. 

Theorem 6. Let Fq and Fi be real numbers with < 
Fq,Fi < 1, and assume that the generalized Bell mea- 
surement is performed on the subsystem 23 of the four- 
qudit state p^p^ ® p^^ . If the outcome ensemble on sub- 
system 14 is {Qk,hO-k\}' ™^ have 

E QM<^'k!i) < Kip'plWcipfJ. (21) 

k,l=0 



Remark 1. Inequality Eq. ([2T|) is tight because it is 
saturated if either Fq or Fi has value one, that is, either 
p]^? or is a maximally entangled state. Moreover, it 
also has a trivial saturation if Fq or Fi is less than or 
equal to l/d, as JVc{pf') — = Nc{pfo)J^c{pf-i)- These 
are the only cases where Eq. ((2T|) is saturated. 

Now, let us consider the relation between the bound 
on RED in Theorem [6] and entanglement dynamics in 
qudit systems Q. First, we note that, due to the Choi- 
Jamiolkowski isomorphism and Eq. (jl6p . the left-hand 
side of Eq. (|211) becomes 

Nc{pF')^Mc[{I®%F^){pFo)]. (22) 

where %p-^ is the generalized depolarizing channel and 
PPq is the isotropic state with fidelities Fi and -Fq respec- 
tively. Furthermore, the right-hand side Mc{ppq)J^c{pfi) 
of Eq. (PT|) can also be represented as 

Mc [{I®%F,) (|*+)($+|)] ^fc{pF,), (23) 

due to Eq. pTj) in Proposition [3] Therefore, Theorem [S] 
can clearly be rewritten as the following corollary, which 
is about the bound on the entanglement evolution of a 
two-qudit isotropic state under the action of a one-sided 
generalized depolarizing channel. 

Corollary 1. For < Fq,Fi < 1, we have 

K[{I^$F,){pFo)] 

< Mc [(1(8 $fJ |*+)(*+|] Mc{pF„). 

(24) 

Remark 2. Inequality ([24]) is a generalization of two- 
qubit entanglement dynamics in Eq. ^ to higher- 
dimensional quantum systems for isotropic states and 
generalized depolarizing channels. Moreover, we note 
that Corollary [T] also implies Theorem HI because both 
are direct consequences of Eq. (IT^ . In other words, the 
theories of RED in Theorem |6] and entanglement dynam- 
ics in Corollary [1] are fundamentally equivalent in any 
qudit systems for isotropic states and generalized depo- 
larizing channels. 

To summarize, we have generalized entanglement dis- 
tribution and dynamics of entanglement into arbitrary 
qudit systems for isotropic states and generalized depo- 
larizing channels in terms of the CREN, and established 
a relation between them. Here, we note that isotropic 
states form a generic class of quantum states, to which 
any arbitrary quantum state can be transformed via 
LOCC. Furthermore, the generalized depolarizing chan- 
nel is the most typical case of quantum decoherence in the 
sense that any quantum channel (and thus any quantum 
decoherence) together with certain LOCC is equivalent 
to the generalized depolarizing channel. Therefore, our 
result deals with generalizations of two different theories 
and their explicit relation for a generic class of quantum 
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states and typical quantum channels in arbitrary dimen- 
sional quantum systems. 

The study of quantum entanglement, especially for 
higher-dimensional quantum systems, is important and 
even necessary for various applications. However, the 
generalization of entanglement properties from qubits to 
qudits is usually nontrivial even for the case of quanti- 
fying entanglement: still there is no universal entangle- 
ment measure that has analytic way of evaluation, be- 
sides qubit systems. Due to this lack of analytical evalu- 
ation, the properties of quantum entanglement in higher- 
dimensional systems are barely understood so far. 

Here we have shown that CREN is a powerful entan- 
glement measure generalizing the quantitative bounds 



for both entanglement distribution and entanglement dy- 
namics into higher-dimensional quantum systems. Fur- 
thermore, we have also proposed a clue to possible unifi- 
cation of these different theories for arbitrary Hilbert- 
space dimensional quantum systems by showing their 
explicit relation for a generic class quantum states and 
quantum channels. 
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